Electromagnetic Waves

Maxwell’s equations predict the propagation of electromagnetic
energy away from time-varying sources (current and charge) in the form of
waves. Consider a linear, homogeneous, isotropic media characterized by
(K, €,0) in a source-free region (sources in region 1, source-free region is
region 2).

Region 2

[source-fiee/
Region 1
[sources] (11.€,0)
J,,O E
H

We start with the source-free, instantaneous Maxwell’s equations written
in terms of E and H only. Note that conduction current in the source-free
region is accounted for in the oE term.

VXE=—uaiI @
ot
VXH:0E+ea—E
ot
V-E=0 ®
V-H=0 @

Taking the curl of @

VXVXE = -p(VxH)

and inserting @ gives



VxVXE = —pi(oE+ea—E)

Ot ot
2
:—uoa—E—ue—a E ®
ot ot?
Taking the curl of @
VxVxH=0(VxE) +eai(vXE>
4

and inserting @ yields

VxVtzo(—uaiI) +€i(—p’a_lf)

ot ot ot
2
=-po oH _ HE o°'H ®
ot ot?
Using the vector identity
VxVxF=V(V-F)-V*F (for any vector F)

in ® and ® gives
0 (from ®)

2
VxVXE=V(V/E)-V2E = -po2E e 9E
ot ot
0 (from @) )
VxVxH=V(V H)—V2H:—uoaif—uea—H
ot ot?
2
V2E:uoa_E +|_Lea_E
ot ot?

Instantaneous
oH 02H vector wave equations
ot 972 (Helmholtz equations)



For time-harmonic fields, the instantaneous (time-domain) vector F is
related to the phasor (frequency-domain) vector F, by

F = F

s
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= o wlF
ot JOs
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OF L (jwpF,
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Using these relationships, the instantaneous vector wave equations are
transformed into the phasor vector wave equations:

V?E,=po(Jw)E, +pe (o) E, =jop(o+jwe)E,
V:H =po(jw)H +pe(jo) H, =jop(c+joe)H,
If we let
jou(o+jwe) =y
the phasor vector wave equations reduce to

V2E,-Y’E_ =0
sV Phasor vector
VZH -y*H =0 wave equations
N S .
(Helmholtz equations)
The complex constant y is defined as the propagation constant.

Yy=yjop(o+jwe) =a+jp

The real part of the propagation constant (&) is defined as the attenuation
constant while the imaginary part (B) is defined as the phase constant. The
attenuation constant defines the rate at which the fields of the wave are
attenuated as the wave propagates. An electromagnetic wave propagates
in an ideal (lossless) media without attenuation («=0). The phase constant
defines the rate at which the phase changes as the wave propagates.



Separate but equivalent units are defined for the propagation,
attenuation and phase constants in order to identify each quantity by its
units [similar to complex power, with units of VA (complex power), W
(real power) and VAR (reactive power)].

Y propagation constant (m!)
o attenuation constant (Np/m)
B phase constant (rad/m)

Given the properties of the medium (u, €, 0), we may determine equations
for the attenuation and phase constants.

Y’ =jop(o+jwe) =(a+jp)y =’ +j2ap - B
Rey? =o? - % = -w?pe

Imy? =2ap - 0po } Solve for o,[3

2
a=w,| LS 1+ 2| -1
N 2|\ we |

2
Be 1+ o +1
2 |\ we |




Properties of Electromagnetic Waves

The properties of an electromagnetic wave (direction of propagation,
velocity of propagation, wavelength, frequency, attenuation, etc.) can be
determined by examining the solutions to the wave equations that define
the electric and magnetic fields of the wave. In a source-free region, the
phasor vector wave equations are

V?E, =Y’E,
V2H =v*H,

The operator in the above equations (V ?) is the vector Laplacian operator.
In rectangular coordinates, the vector Laplacian operator is related to the
scalar Laplacian operator as shown below.

Fs :Fxsax +Fysay +Fzsaz
V2F =(V2F)a, +(V2F,)a,+(V2F,)a,

Vector ,'T\ 'T‘ ,T\ ,T\ Scalar

Laplacian Laplacian
92 02 92
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The phasor wave equations can then be written as

(V’E,)a +(V’E,)a +(V’E,)a =Y (E a,+Ea +E_ a)

XS X
(V*H_)a_+ (VzHyS)ay+ (V*H,)a =y* (H,a,+Hga,+H,a)

Individual wave equations for the phasor field components [(E,,, E,,, E)
and (H ,, H ,, H )]can be obtained by equating the vector components on

xs> ~Tyso

both sides of each phasor wave equation.
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The component fields of any time-harmonic electromagnetic wave
(described in rectangular coordinates) must individually satisfy these six
partial differential equations. In many cases, the electromagnetic wave will
not contain all six components. An example of this is the plane wave.

Plane Wave

(1.) E and H lie in a plane 1 to the direction of propagation.
(2.) E and H are 1 to each other.

Uniform Plane Wave

In addition to (1.) and (2.) above, E and H are uniform in the plane
1 to the direction of propagation (E and H vary only in the direction
of propagation).



Example (Uniform time-harmonic plane wave)
A z

direction of
propagation %

E =E (y)a,

HS - Hxs(y) ax

The uniform plane wave for this example has only a z-component of
electric field and an x-component of magnetic field which are both
functions of only y. An electromagnetic wave which has no electric or
magnetic field components in the direction of propagation (all components
of E and H are perpendicular to the direction of propagation) is called a
transverse electromagnetic (TEM) wave. All plane waves are TEM waves.
The polarization of a plane wave is defined as the direction of the electric
field (this example is a z-polarized plane wave). For this uniform plane
wave, the component wave equations for the only two field components
(E, H ) can be simplified significantly given the field dependence on y

A

only.
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The remaining single partial derivative in each component wave equation
becomes a pure derivative since £, and H  are functions of y only.

d’E
2ZS’ _ YzEzs — O
dy Linear, homogeneous,
5 second order D.E.’s
d }ixs _,YZHxS =O
dy

The general solutions to the reduced waves equations are

E (y)=E eV+E, eV H (y)=HeV+H,e”
=E, e @By +Eze—(oc+jﬁ)y zﬂle(a+j[5)y +Hze—(a+j[5)y
=E e /By 4 E,e™® e 7By =H, e /Py 4 H,e™™ e 7By

where (£, E,) are constants (electric field amplitudes) and (H,, H,) are
constants (magnetic field amplitudes). Note that £ and H  satisfy the
same differential equation. Thus, other than the field amplitudes, the wave
characteristics of the fields are identical.

The characteristics of the waves defined by the general field solutions
above can be determined by investigating the corresponding instantaneous
fields. We may focus on either the electric field or the magnetic field since
they both have the same wave characteristics (they both satisfy the same
differential equation).

Ez(y,t)=Re{EZS(y)ej‘°’}
=Re{(E1 % oJBy +E26-aye-jﬁy)ejwt}
=Re{ E, e e/(©tFy) +Eze-ayej(wt-ﬁy)}

=E e cos(wt+Py)+E,e*cos(wt-Py)



E (y,w)=Ee"el By & E,e®e? By ( frequer.lcy)
zs \/?

domain
E (y,t)=E e“ycos(oot+[5y) + Eye “ycos(oot By) time
domain
Amphtude & Amphtude =FE,e"
Phase = wt + By Phase = wt - By
grows in +a, direction decays in +a direction
decays in -a,direction grows in -a, direction
(-a, traveling wave) (+a, traveling wave) To locate a
point of
wt + By = constant wt - By=constant <  constant
By = constant - wt By = wt - constant phase on
the wave
ast 1,y ! ast 1,y 1
(-a, traveling wave) (+a, traveling wave)

The velocity at which this point of constant phase moves is the velocity of
propagation for the wave. Solving for the position variable y in the
equations defining the point of constant phase gives

y = +1 (w? - constant) (+a, traveling wave)

Given the y-coordinate of the constant phase point as a function of time, the
vector velocity u at which the constant phase point moves is found by
differentiating the position function with respect to time.

u =%ay= [3 y——( a,) (+a, traveling wave)
U= % (Velocity of propagation , 2)
S

W=27f= - (radian frequency , &d)
S



Given a wave traveling at a velocity u, the wave travels one
wavelength (A) during one period (7).

A=uT= % = (o;ﬁ = Zﬁn (wavelength , m)
b= 27 phase change = 2 7 radians
A wavelength

For a uniform plane wave propagating in a given medium, the ratio
of electric field to magnetic field is a constant. The units on this ratio has
units of ohms and is defined as the intrinisic wave impedance for the
medium. Assuming a +a, traveling uniform plane wave defined by an
electric field of

= = Yy
E =FE a =Ee " a,

the corresponding magnetic field is found from the source free Maxwell’s
equations.

VXE =-jopH,

1 1 -aEZS aEZS
H =-——VXE_=- a, - a
JoR jop| oy ox 7
= ——.1 Q(Eoe_yy)ax
JOW | oy
= —;(—YEOe_Yy) ax
JWH
- Y EeWa
JoR
:Hxsax

Note that the direction of propagation for this wave is in the same direction
as ExH (a,%a = a,). This characteristic is true for all plane waves.



The intrinsic impedance of the wave is defined as the ratio of the
electric field and magnetic field phasors (complex amplitudes).

nofs Bl jou_ Jop _ | _Jep
He Y Eew Y Jjop(orjoe) \ 0Hj0e
jop ¢
n=|n|eh= | L9 (intrinsic wave impedance, Q)

O+jWE

In general, the intrinsic wave impedance is complex. The magnitude of the
complex intrinsic wave impedance is

In| =




Summary of Wave Characteristics — Lossy Media (General case)

Lossymedia = (0>0,u=p, U, E=€,E,)

Y =yjop(o+jwe)=o+;B (complex)
R s e
WE 2 WE
u=2 r=2T n=, ](o—u (complex)
B p 0+jwe

Summary of Wave Characteristics — Lossless Media

Lossless media =  (0=0, p=H,.1,, E=€,E,)

v =V -~0’pe =jw/pe =a +jp (imaginary)

_ _ _ )
«=0 P-w/pe=-0/puee c\/prer




The figure below shows the relationship between E and H for the
previously assumed uniform plane wave propagating in a lossless medium.
The lossless medium propagation constant is purely imaginary (y=/[)
while the intrinsic wave impedance is purely real.

A dll‘@C‘[lOll'Of _ExH
propagation

E :E e_jﬁya H zﬂe_Jﬁya
n
EO

E=F cos(wt-By)a, =—cos(wr-Py)a,
n

Note that the electric field and magnetic field in a lossless medium are in
phase.

For a lossy medium, the only difference in the figure above would be
an exponential decay in both E and H in the direction of wave propagation.
The propagation constant and the intrinsic wave impedance of a lossy
medium are complex (y=a+jB, n=|n|e’™) which yields the following
electric field and magnetic fields:

: E .
E, =Eoe_°‘ye_fﬁyaz H = _9 e‘“ye‘fﬁyax
n
E
E=E e*cos(wt-Py)a, H-= | 0| e cos(wt-Py-0,)a,
n

The electric and magnetic fields in a lossy medium are out of phase an
amount equal to the phase angle of the intrinsic impedance.



Wave Propagation in Free Space

Air is typically very low loss (negligible attenuation) with little
polarization or magnetization. Thus, we may model air as free space
(vacuum) with 0=0, e=€_,and p=p, (€,=1, u,=1). We may specialize the
lossless medium equations for the case of free space.

x=0 p=2 urer=2

c c
u:ﬂ:ch A‘=2_TE=£
B /e B/

Wave Propagation in Good Conductors (0 > we)

In a good conductor, displacement current is negligible in comparison
to conduction current.

J J +J =0E +jweE

conduction

| > |J

total ~ displacement

|J if (0>we)

conduction displacement |

Although this inequality is frequency dependent, most good conductors
(such as copper and aluminum) have conductivities on the order of 10’ O/m
and negligible polarization (€,=1, e=€,=8.854x10'* F/m) such that we
never encounter the frequencies at which the displacement current becomes
comparable to the displacement current. Given o >we, the propagation
constant within a good conductor may be approximated by

Y=0+jB=y/joR(0+jwe)~y/jORo =y OUo/90° =/ wpuo £45°
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Note that attenuation in a good conductor increases with frequency. The

rate of attenuation in a good conductor can be characterized by a distance
defined as the skin depth.

Skin depth (0) - distance over which a plane wave is attenuated by
a factor of e”! in a good conductor.

X/9



The velocity of propagation, wavelength and intrinsic impedance within the
good conductor is

) J jou z\ljwu J OB 450
O+jwe o o
Example (skin depth)

Uniform plane wave (f=1 MHz) at an air/copper interface.

A
Region (v<0) Air Region 2 (v>0) Copper
E “U., €,=€,0=0 W=, €,= €, 0,=5.8%10" U/m
. \ / ‘ﬁ”’"’”'"
=0 B,=w/l o,=B,=1/0
In the air,
6 8
B, -2 -2"10" _60209radim A, ==Y _300m
¢ 3x108 fo108

u, =c=3%x10°m/s



In the copper,

s 1 1 _0.066
/T w,0  rf(4n107)(5.8x107)  Vf
at 1 MHz = 0 = 0.066 mm
o, =P,= 1 - L - 15.2x10° Np/m, rad/m

1
d 0.066x103m
2

T

A, = =270 =27 (0.066 mm) =0.415 mm

2

u, = Ay f = 415 m/s

Electromagnetic Shielding

The previous results show that we may enclose a volume with a thin
layer of good conductor to act as an electromagnetic shield. Depending on
the application, the electromagnetic shield may be necessary to prevent
waves from radiating out of the shielded volume or to prevent waves from

penetrating into the shielded volume.



Skin Effect

Given a plane wave incident on a highly-conducting surface, the
electric field (and thus current density) was found to be concentrated at the
surface of the conductor. The same phenomenon occurs for a current
carrying conductor such as a wire. The effect is frequency-dependent, just
as it 1s in the incident plane wave example. This phenomenon is known as
the skin effect.

Maxwell’s curl equations for a time-harmonic current in a good
conductor are

VxE, =jopH, ®
0
VXHS=Js+jw7¢.sst=oEs @

where the displacement current is assumed to be negligible in the good
conductor. We would like to determine the governing PDE for the current
density within the conductor. If we take the divergence of @, we find

V-VxH =V-J =0 (V:VxF =0 for any vector F)
If we then take the curl of ®, we find
VXVXE =-jopVxH,

Using @, we may write both the phasor electric and magnetic fields in
terms of the current density.

J

E ==% VxH =J,
(0}
JS
VXV x —) = Jopd,
)

VxVxJ =-jopod,



VxVxF=V(V-F)-V2F (vector identity)

0
VxVxJ=V(V/) -V = -V

V2J, -joped, =0

If we let —jwpo=T72, the governing equation for the conductor current
density becomes

V2 Js L T2 Js _0 (VGCtOI wave) ®

equation

The constant 7 in the vector wave equation may be written in terms of the
skin depth of the conductor.

T-(Fouo -\ 280 -2 2x o - L2
J

For the special case of a cylindrical conductor (radius = a) lying along
the z-axis, assuming only a z-component of current density which does not
vary with respect to ¢ or z, the wave equation of ® (in cylindrical
coordinates) becomes

Ay
" d*J dJ
=) 1d7,0) J.(0) -0
dp? d
/ The differential equation governing the

=Y

wire current density is Bessel's
differential equation of order zero. The
solution to the differential equation may
be written in terms of Bessel functions.
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- current density at the wire surface
- Bessel function of the first kind, order 0

E, - electric field at the wire surface

a - wire radius

of,
Jo

Example

Plot the magnitude of the

Consider a copper wire of 1 mm radius.
current density as a function of p at /= 1kHz, 10kHz, 100kHz, 1 MHz, and

1 GHz.

As frequency increases, the current becomes concentrated along the outer

surface of the wire.



The following is an equivalent model of a conducting wire at high
frequency (8« a).

The equivalent model is a ring of
uniform current density along the
outer surface of the conductor
(depth equal to one skin depth).

Ry = = (DC resistance)

The DC resistance formula is only valid if the current density if uniform.
We may use the DC resistance formula for the high frequency model of the
conductor.

r o= b l ( high frequency)
¢ 04,. o[na®-n(a-8)] AC resistance

_ [
on[a?-a?+2ad - 8]
U S
0(2ma)od

Note that the high frequency AC resistance could have been found by
folding out the skin depth cross-section around the perimeter of the wire

into an approximate rectangular cross section given by a length of 27a and
a height of 0.



Complex Permittivity

The total current on the right hand side of Ampere’s law consists of
a conduction current term and a displacement current term. These two

terms can be combined into one using the concept of a complex-valued
permittivity.

VxH_ =0E_ +jweE, (e =€,€))

=(0+jwe)E,

=jwe(l + .0 )ES
JWwe

E

N

ol (e
=jwe|l -j (—)
i WEeE

define as complex
permittivity €,

VxH =jweE,

[ (L)
weE

€ =€ €’ =

A Im €

-e-jer = e, le !

o
V)

The ratio of the imaginary part of the complex permittivity (e”) to the real
part of the complex permittivity (€’) is the ratio of the magnitude of the
conduction current density to the magnitude of the displacement current
density. This ratio is defined as the loss tangent of the medium.

ocE n

= oE, | =9 -% -tno (loss tangent)
. E /
|jweE | we €

| Jconduction |

| displacement |



Poynting’s Theorem and the Poynting Vector

Poynting’s theorem is the fundamental energy-conservation theorem
for electromagnetic fields. Using Poynting’s theorem, we can identify all
sources of energy related to electromagnetic fields in a given volume. The
corresponding Poynting vector defines the vector power density (direction
and density of power flow at a point). To derive Poynting’s theorem, we
start with the time-dependent Maxwell curl equations.

vxEg=-98 ®
a1
vxH=J+D ®
o1

The product of E and H gives units of W/m? (volume power density,
analogous to volume current density). As shown for the uniform plane
wave, the direction of ExH gives the direction of wave propagation (the
direction of power flow). Thus, we seek a relationship defining the cross
product of E and H. Using the vector identity,

V-(AxB)=B-(VxA)-A-(VxB) ®

letting A=FE and B=H, we may obtain the necessary terms on the right
hand side of ® by dotting ® with H and @ with E.

H-(VxE)--H-28 ®
ot
E-(VxH)=E-J+E- 2 ®
ot
Inserting @ and ® into @ yields
v (ExH)--H-2B . P E.g ®

ot ot



The three terms on the right hand side of ® may be rewritten as

H.a_Bzu(H.aﬂ) :uli(H.m:ﬁ(lqu)
ot ot

which gives
__ 01 _ 5o 1 2 2
V- (ExH)=-—| —€eE“+—upH"| -0FE @
ot \ 2 2
Integrating @ over a given volume V (enclosed by a surface S) and applying

the divergence theorem yields

o[ 1 2, 1 2 2
V' (ExH)dv = -—— | —eE“+=puH*|-0E*}dv

O (1 Lo, 1 .0 2 Poynting ’s
X . —_—— _ _ —_
f(E H)-ds atf(zeE +2pH)dv foE dv ( Feorem
s v 4
net power decrease in the stored ohmic
flow out of V electric and magnetic losses
energy within within V'

5 s (outward normal)



The quantity under the integrand on the left hand side of Poynting’s
theorem is defined as the Poynting vector.

© =ExH (mstantaneous Poytning vector - dlrectlon)

and density of power flow at a point

For a time-harmonic field, the time average Poynting vector is found by
integrating the instantaneous Poynting vector over one period and dividing
by the period.

1 time-average of the
Oove = T f (ExH)adt (instantaneous Poytning Vector)
T

The time-average Poynting vector can actually be determined without
integrating if we use phasors. If we write the instantaneous electric and
magnetic fields as

E = |E|cos(wt+0;)a, H = |H|cos(wt+0,)a,
then the instantaneous Poynting vector is
®=ExH-=|E||H|cos(wt+0;)cos(wt+0,)(a;*xay)

Using the trigonometric identity,
COSX COSY = % [cos(x+y) +cos(x-y) |
the instantaneous Poynting vector can be written as
ExH = % |E||H| [cos(2wt+6E+6H) +cos(0,-0,) ] (agxag)

The time-average Poynting vector is then

E| |H]|
e, = 7 (agxay) fcos(2(ot+6¢g)dt

T
+ cos(@E—GH)fdt}
T




The time-average Poynting vector reduces to

_ |E[|H]|
ave 2T

(agxaz)cos(0,-0,)T

(|E|ejeEaE) X (|H| e_jeHaH)]

Re E xH:]

Note that the time-average Poynting vector above is determined without
integration. The equation above is the vector analog of the time-average
power equation used in circuit (phasor) analysis:

P - %Re V1]

The term in brackets in ® is defined as the phasor Poynting vector and is
normally represented by S.

S -E xH, (phasor Poynting vector)

1
®_,=—=Re[S]

2
All representations of the Poynting vector represent vector energy densities.
Thus, to determine the total power passing through a surface, we must
integrate the Poynting vector over that surface. The total time-average

power passing through the surface S is

_ ] total time-average power
Fae = f Oove ™ S (passing through the surface S)
s

=%Re£[Est:}’ds=%Re£S'ds



Example (Poynting vector / power flow in a resistor)

Assume a DC current / in an ideal resistor /T z
as shown below. Determine the instantaneous
Poynting vector, the time-average power, and i
the total power dissipated in the resistor. \
A
7 7 7 Po
J=0E=—=—2a2 E = -4, o
4 g Po OTp, L
From Ampere’s law, the magnetic field in the J, E
resistor 1s v | (uniform)
>
Ip r
H=Hja, = > (p<p,) < I
271p,
The instantaneous Poynting vector is
2
O-ExH=-—1 ¢ x_1P a, :I—p(—a )
2 2 2 2 4 P
oTP, 2Tp, 2o0m°p,

The time-average Poynting vector is

® = % f Odt=0 (time-average = instantaneous for DC)

T

The total power dissipated in the resistor is found by integrating the power
flow into the resistor volume.

Pave=£@m-ds= [ Caerds v [ O

cylinder endcaps

ds=p,dpdz(-a,) ds=pdpdd(+a,)



L2r
P = ;(-a,) || p,dbdz(-a,)
[ o b
Ouve (P=P,)
12 L2m
= dfpdz = - (L)(2m)
20mp ff ) 20m? po "

2| L |-rpL _pr w
onpi o4

The total power dissipated in the resistor is equal to the power flow into the
volume of the resistor.



Plane Wave Reflection/Transmission at a Dielectric Interface

When aplane wave propagating in a homogenous medium encounters
an interface with a different medium, a portion of the wave is reflected
from the interface while the remainder of the wave 1s transmitted. The
reflected and transmitted waves can be determined by enforcing the
fundamental electromagnetic field boundary conditions at the media
interface.

Given a z-directed, x-polarized uniform plane wave incident on a
planar media interface located on the x-y plane, the phasor fields associated
with the incident, reflected and transmitted fields may be written as

i -Y,2

Incident E_ = Esoe a,
wave
fields H = —"e _leay Transmitted Ei =TE_e _YZZax
n, wave E
fields H =1t ¢ "y
r _ Y12 s
Reflected ( E = FEsoe “a, n, ¥y
wave E
fields H: =-T ieylzay I'" - Reflection coefficient
m T - Transmission coefficient
A x
Medium 1 [z < 0] Medium 2 [z > 0]
(K, €, 0)) (K, €5, 05)
Ei
Incident
wave .
H' Transmitted
£ wave
Reflected H'
wave
H y -

)



Enforcement of the boundary conditions (continuous tangential electric
field and continuous tangential magnetic field) yields

E!+E]=E! at z=0 = 1+T=1
H +H =H' atz=0 - —==1
M

Solving these two equations for the reflection and transmission coefficients
gives

T]z—m

I'= (reflection coefficient)
N, ™My
_2n, _ :
T= (transmission coefficient)
M, + Ny

The total fields in the two media are

E =E +E =E (e " +Te"")a

x ( total ﬁelds)
; E vz . in region 1
H =H +H =22 (e -Te")a,
n;
_rt _ ~Y2Z
E,=E,=E,te ™ a, total fields
 E, in region 2
H,=H_ = Te “a,
M
Special cases
_ _ _ total transmission
M= =0 e=1 no reflection )
_ _ _ total reflection
M =9 F=1 =2 without inversion of E )
_ _ _ total reflection
m; =0 F=- ©=0 (with inversion of E )



Special Case #1

region 1 = lossless dielectric |0,=0, n, = %, «, =0, Y=f51
\l 1

region 2 — perfect conductor |o,=c, 1,=0, a,=p,- °°]

total reflection )

M, =0 I'=-1 ©=0 (With inversion of E

E =Eso(e NEy I‘ele) a =Eso(e Bz ejﬁlz) a.=-2jE sinB,za,

2F

E -V.z z E Pz i3,z
Hy =22 (e ™ -Te")a, =22 (7% + /M) g =27 cosp 2 a
y y
N, N, ™

E —_y
H,-—21te"a =0
N,

If we let E, = |E,|e’? and -j = e /™2, the instantaneous fields in the
dielectric are

E =Re [Els ej“”} =Re [28 T2 E |e/®sinp, z ej“”ax]
=2|E |sinB,zcos(wt+p-m/2)a,
=2|E_|sinPzsin(wt+d)a,

. 21E| . .
H, =Re[H1S ef“”} =Re ef“’cosBlzeJ“”ay
N
2|E |
= cosPzcos(wr+P)a,
M

Note that the position dependence of the instantaneous electric and
magnetic fields is not a function of time (standing wave).



Assuming for simplicity that ¢ = 0° (the phase of the incident electric
field is 0° at the media interface), the instantaneous electric field in the
dielectric is

E =2|E_|sinfzsinwra,

Perlect E () Pertect
insulator t=3T/4 \ conductor
o=0 - - o
O=00 = 5748, 778 (o=
T 2//E\'ll
',l’—_-.N\\\ /t/—-~~‘\\ ,//_ -~~\ /',—"~~~\ // T AvEE t=0a T/29 T
0
\\\~ ¢"’ \\‘~~ ___4’,' \\s~ ,l" \\\~~__ _;”’ \\\ ’I"
T 2[E,|
t=T/8,3T/8
t=T/4
A
. . . . N
T T T T ,
24 3M/2 -A A2 0

The locations of the minimums and maximums of the standing wave
electric field pattern are found by

A

|E,|,;, occurs when B,(-z)=nm = TS (A E———
B, (2m)/A, 2
n=0,1,2,...

o, ,__Q@nihm :_(2n+1)ﬁ
2 227/

n=0,1,2,...

|E|| .. Occurs when B (-z)=(2n+1)



Special Case #2

region 1 = lossless dielectric

0,=0, n;=

K :
_1’ alzo’ ‘Y:]ﬁl
\ &

region 2 = lossless dielectric | 0,=0, n,= ﬁ, o, =0, v=jB,
€
- 2
if n,>n, 1"=T]2 T]1=1"10" T= i =1/0°
M +My N,™ My
(0<T'<1) (1<t<2)
- 2
if n,<m, r-M_p/igoe 1= /00
N, My Ny 1y
(0<T'<1) (0<t<1)

E,. =Es0(e hEy I‘eylz) a, =Es0(e ELI I‘ejﬁlz> a

X
=Esoe_jﬁlz(1 +I‘ej2ﬁlz)ax
o 2V 4 z E b,z 194
H =—>= (e N _Teh )ay=ﬂ (e 7Pz _peih )ay
n n
E bz j z
=0, 7By (1 _1-\81231 )ay
n,
E, :Esore_yzz a, :Esore_j Paz a,
H, =Esote_v2za =&’Ee_jﬁ22a
o, Yoo, d

Note that standing waves exist only in region 1.



The magnitude of the electric field in region 1 can be analyzed to determine
the locations of the maximum and minimum values of the standing wave
electric field.

- J2By2
|E,|=|E,||1+Te
2B,z
|[1+TeP¥| <1200+ T 22p 2|
A Im
Crank Diagram P
; N\
/ p 2 \ Re
| 2Bz
|
] I
- i
min // max

If n, >n, (I'is positive), then

1+Te?"%|  =1+4|T| when 2B,(-z)=n(2m) n=0,1,2,..
_an___ am _ M
B, (2m)/A, 2
[1+Te?%%|  =1-|T| when 2B(-z)=(2n+)m  n=0,1,2,..
Zz_(2n+1)n=_(2n+1)n=_(2n+1)ﬁ
2B, 2(2m)/A, 4
|Els|ma_x: |Es0| (1 + |P|)
|Ewls|min= |Eso| (1 - |F|)

If n, > n, ( I' is negative), and the positions of the maximums and
minimums are reversed, but the equations for the maximum and minimum
electric field magnitudes in terms of |I'| are the same.



The standing wave ratio (s) in a region where standing waves exist
is defined as the ratio of the maximum electric field magnitude to the
minimum electric field magnitude.

g = |E1s|max _ 1+ |P| — —
|E1s|min 1- |P| s +1

The standing wave ratio (purely real) ranges from a minimum value of 1
(no reflection, |I'|=0) to « (total reflection, |I'|=1). The standing wave
ratio is sometimes defined is dB as

s(dB) =20log,,s

Example (Plane wave reflection/transmission)

A uniform plane wave in air is normally incident on an infinite
lossless dielectric material having e=3€, and p=p,. If the incident wave
is E;=10cos (wt-z) a, V/m, find (a.) w and A of the waves in both regions,
(b.) H;, (c.)I'and 7, (d.) The total electric field and time-average power in
both regions.

p A
Region 1 [z <0] (Air) ~ Medium 2 [z > 0] (Dielectric)
(M~ M. €7 €,.0,-0) (P phy €573€,.05-0)

w W
oc1=0,[31=(o Ko oz; oc2=O’I32=(*)\/3l'l'0 0=\/§:

Y, =By M= [ 22 =n N
1 1> €, 0 2 22> 12 360 \/§
(&

c

U= N
Incident \ /p'rer V3

wave




— —jz — 7Bz
Eis 10e a, Esoe a,

E =10 B,=1

§o

(a) E,=10cos(wt-z)a, -

ﬁlza_ﬂzgzgzlrad/m p,-2"-9_32_ /3B rad/m
L ou ¢ Ay u, C
2=2T 21=628m A,=2T-2T 363

B, V3

1
o =PB,u, =P,u, =3x10%rad/s (47.8MHz)

b. E. _q. | |
() H =—¢ 7Py (—ax)=—£e72ax= -0.0266 ¢ 7* a_
n 377

0

H, = Re{-0.0266 e 7?¢/*' q | = -0.0266cos(w-z) a, A/m

(c.) N,
- _no
p-TM V3 o6
mn, M,
+1,
J/3
t=1+T=0.732
d) - "
E,-E, (e ™ +Te)q, E,-<tE,e"™a,

-(10e 72~ 2.68¢")a, -732¢ 7V,

E,=Re{(10e 77 -2.68¢7%)e/"a, |
=[10cos(wz-z) - 2.68cos(wt+z)] a, V/m

E, =Re{7.32e'j‘/§zef"”ay}
=[7.32cos(wt-y/3z)]a, V/m



In general, the power flow for a plane wave may be written as

O = Re|E<H}| =~ Re|E, H,a,]
2 2
n n’

a EE | a E |? a E |? .
®  =—LRe|—*|="kRe | S|.e _ %% po| 1B fen]
2 ul 2 Inle ™| 2 |

E 2
_1 | S| cosﬁnak
|

For a plane wave propagating in a lossless dielectric (n) is real, 6,= 0), the
power flow reduces to

|E,|°
@ave_ a;
2n
For this problem,

BB
1,ave 2111 z znl z
_ (10)? - (2.68)? a

2(377) ‘
- 1234, W
m?2
CIELR (7132)2
2,ave a,=

2n, 7 23771/3)
- 123q, ®W
m2



Arbitrarily Directed Plane Wave

In order to define an arbitrarily directed plane wave, we define a
vector wavenumber or propagation vector (k).

k=ka, =w/pea,=ka +ka, +ka,

ka A

Y
=Y

The electric field of an a_-directed plane wave (in a lossless medium) may
be written as
Es =Esoe Ibz aE

The electric field of an a,-directed plane wave (in an arbitrary medium)
may be written as
ik, x+k,y +k
E =E e J(kyx +k,y ZZ)aE
where

€=€_€, (lossless)
e=¢,(e'-je") (lossy)

X

k2=k2+ky2+kzz=w2p,e {



The fields of an arbitrarily directed plane wave can be written concisely in
terms of the dot product (scalar product) of the position vector r and the
propagation vector k.

k=ka +ka, ka,
r=xa.tya, tza,

_ —i(k- _ J(k,x+k,y+k,z)

ES_Esoe 7 r)aE_Esoe g ag
E E .

_ ik~ _ J(k,x +k,y +k,z)

Hs_ie ]( r)aH_ie y aH
n n

Note that the components of k define the plane wave phase shift (and
attenuation, in the case of a lossy medium) in the component directions.
The unit vectors a; and a,, are located in the plane perpendicular to the
direction of propagation defined by a,.

Obliquely Incident Plane Waves

Any plane wave which is obliquely incident on a planar media
interface can be represented by a linear combination of two special cases:
parallel polarization and perpendicular polarization. In order to define
these polarization geometries, we must first define the plane of incidence.

Plane of incidence - the plane containing the propagation vector of
the incident wave k; and the unit normal to the interface.

Parallel polarization - the electric field of the incident wave lies in
the plane of incidence.

Perpendicular polarization - the electric field of the incident wave
lies normal to the plane of incidence.



Parallel Polarization

For the media interface shown below, the plane of incidence
containing the propagation vector and the normal to the interface is the x-z
plane. The electric field of the incident wave also lies in the plane of
incidence such that this wave orientation is defined as parallel polarization.

Ax

Medium 1]z < 0]

Medum 2 {z->0]

(W~ €50)) (455 €25.04)

‘k/‘:‘kr‘zklzw(ulel)l 7 \k,\:k::w(ugeg)”

k. \
E’ Transmitted

Reflected E' NN

wave 7/
H \\\ k/
N \ \ N> p H[

i k; NN
Incident ’ (parallel-polarization)
wave
H' T = transmission coelficient
(parallel-polarization)
%\
= k. =k, cosO, k =k, i]
D ,
g7 0.1 I
3 ~<
I k., =k, cos0,

k AVl

o= reflection coefficient

Y



Using the basic concepts of the reflection and transmission coefficients, the
phasor electric and magnetic fields associated with the incident, reflected
and transmitted waves may be written as

J(k,;x+k,;z) _

o ~jk, (xsinB; +zcosb,)
E =E jage E_(cosB.a -sinb.a )e
k_x+k . —jk, (xsin6, - 0
E I1 E aEr Gk, x+k, z) :I1|| ESO(COSBrax+S1neraZ) e jk; (xsinf, -zcos0,)
x+k . -jk, (xsin6, +zcosO
E. = T B age Ik Z’Z)=1:" E,(cosB,a_-sinf.a )e”’ 2 (xsindy +zcos0y)
Hi: Eso a e—j(kxix thyz) _ Eso a e—jk1 (xsinB, +zcos0,)
§ y y
n; M
so ik, x+k_z) Eso ~jk, (xsin6, -zcos0,)
H =T, ( a)e 7 =-T, a,e ’ ”
M
t -k x+k,z) Eso —jk,(xsinB, +zcos0,)
H' = e xt X T g =T" a e’ t t
s y y

N,

The reflection and transmission coefficients are found by enforcing the
boundary conditions on the tangential electric and magnetic fields at the
interface (z=0).

E. +E =E! at z=0
H,+H, = H,, at z =0

The resulting equations are

—jk, (xsind, ik (xsind® ke (xsind
cosB. e 7 L T cogh e T 7, c0s6, e 200sn0) @
i e‘jkl(xsine,-) Fn ]kl (xsind, ) ]kz(xsme) ®
m N, nz

Equations @ and @ must be valid for any value of x on the interface. This
requires that the exponential terms found in @ and @ must be equal.



Equating the complex exponential terms found in ® and @ yields

k,sinB, = k;sin@_ = k,sin6,

or
0.=0, (incident angle = reflected angle)
k, sin0 €
L= M& 4 (Snell’s law)
k, sin0, €, 7,

where 7, and n, are the refractive indices of the two media. The refractive
indices may be written as

c c
ny=Cy k& =— Ny =Cy K& = —
U U,
If the media properties and angle of incidence are known, we may use
Snell’s law to determine the angle of transmission 0,. Given that all of the
complex exponential terms in @ and @ are equal, these equations reduce
to

(1 +T)cosB; =7, cosO, ®

1-T)

—_— @
n, M,

Solving ® and @ for I', and 7, yields

_ m,co0s0, - n, cosb, ®

i

I

- n,cos0, + n, cosb

2 0.
- n,cos0, ®

I n,cos6, + n,cosO,

Equations ® and ® are commonly referred to as the Fresnel equations for
parallel polarization. These equations reduce to the normal incidence
equations when 0.=0.



According to equation ®, it is possible to achieve total transmission
(I',=0) at angle which is dependent on the properties of the two media.
This angle is called the Brewster angle (05) which for two lossless
dielectrics is defined by
€,

il
BB” sin

€ €,

The Brewster angle can be used in the design of optical lenses to transmit
specific polarizations. The output of a laser source (random polarization)
can be passed through a glass plate positioned at the Brewster angle to
provide a polarized output.



Perpendicular Polarization

For perpendicular polarization, the electric field of the incident wave

is perpendicular to the plane of incidence (x-z plane for the example
below).

/ A \
Mcedivm 1 [z < 0] N Medum 2 [z->.0]
(L €200 (s €25.04)
T~k =k o(e)” e, [ =h= 0(jaes)
k;
H Transmitted
Wave
Reflected
wave E’ \\\\ L' k,
0 f NN
oY >
N H'Y £
/ [N = reflection coefficient
. o , NN
T E’ (perpendicular polarization)
o T~ transmission coetticient
H (perpendicular-polarization)
o(i'\
& o]
A:/':kl COSG/ ~ /([:kn .il
] 2 K

k\'/ :

o}

k_,=k,cos0,

k,

k.= —k cos0,

k., =k sin0,




The electric and magnetic fields of the incident, reflected and
transmitted waves in the case of perpendicular polarization are

i_ J(kgx+k;z) ~jk, (xsinB, +zcosb,)
E;=E a.e =E,a,e

r_ J(k,x+k,z) _ —jky (xsinB, -zcos0,)
E =T E ae =I' E a,e

r_ J(kyx+kyz) _ —jk,(xsin@, +zcosH,)
E=t E ae =1, E ae

. E ; E
i so J(kgx+k;z) _ “so :
H=—a e "™ ""=—2(-cosb,a_+sinb.a )e

m LN

'k, (xsin6; +zcosH,)

r_ 50 —J(k,x+k,z) _ 50 . ~jk, (xsinB, -zcos0,)
H =T —=ag e "™ = =I' —(cosO,a_+sinb a_ )e ’ ’

LN n,

Ht:’U Esoa e-j(kx,x+kz,Z) —1T Eso ~jk,(xsin6,+zcosb,)
s 1 Ht 1

N, N,

(-cosB.a_+sinb.a )e

Enforcement of the boundary conditions and solving for the reflection and
transmission coefficients yields the Fresnel equations for perpendicular
polarization.

_ m,c0s0; - n, cosH,

I
" m,cos0, +n,cosO,

2m,co0s0,

T =
n,cos0, + 1, cosb,
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